We construct examples having remarkable properties of cohomological dimension.
Theorem 1.5.
There is a separable metric space X such that for every abelian group G and every Hausdorff compactification X of X, dim G X ≤ 2 and e-dim X > 2. Theorem 1.6. There is a compactum X such that for every cyclic finite CW-complex P and every abelian group G, e-dim X > P, dim G X ≤ 2 and dim G X ≤ 1 if G is finite.
A space is called cyclic if at least one of its (reduced integral) homology groups does not vanish. We call a map homologically essential if it induces a nontrivial homomorphism of at least one of the homology groups.
The main tool for constructing our examples is the following theorem which was proved in [8] . We will formulate this theorem without using notations of truncated cohomology (note that no algebraic properties of truncated cohomology were used in [8] ). Theorem 1.7 was formulated in [8] in a slightly different form. First, it was assumed in [8] that K and P are countable simplicial complexes. Since each countable CW-complex is homotopy equivalent to a countable simplicial complex we can replace simplicial complexes by CW-complexes. Secondly, it was assumed in [8] 
This restriction can be omitted. Indeed, this is obvious if L is path connected. Let a pointed map f : P −→ L be essential. If P is mapped by f into the path component of the base point of L then replace L by the path component of the base point and we are done. So the only case one needs to consider is when both P and L are not path connected. Then the condition [K, L] = 0 (derived from map(K, L) ∼ = 0) implies that K is connected. In this case one can define X = [0, 1] which obviously satisfies P <e-dim X ≤ K.
We will need a more precise version of Theorem 1.7 (which was actually proved in [8] ). Theorem 1.8. Let K, P = P 0 be countable CW-complexes, let a space L have finite homotopy groups and let map (K, L) ∼ = 0. Let P 1 , . . . ,P n be CWcomplexes and let maps f i :
Then there are a compactum X, a closed subset X of X and a map g : X −→ P such that e-dim X ≤ K and the maps g 0 = g and
In particular e-dim X > P i for every i = 0, 1, . . . , n. Theorem 1.8 was proved in [8] for the case n = 0, see the proof of Theorem 1.2(b) in [8] . The general case can easily be derived from the case n = 0. We recall that X and X were constructed in [8] as the inverse limit
Then for every i the map g i does not extend over X since otherwise for a sufficiently large j the map (
Note that if L is a CW-complex (or a space homotopy equivalent to a CW-complex) then we can assume P n+1 = L and get that g n+1 = f n • g n : X −→ L does not extend over X and hence e-dim X > L (cf. the remark at the end of [8] ).
The following two theorems provide us with a very important class of CW-complexes to which Theorems 1.7 and 1.8 apply. More or less the same strategy is applied for proving Theorems 1.4, 1.5 and 1.6 but this time instead of a specific structure of the real projective spaces RP m we need Lemma 2.1 which plays a key role in our proofs. Assume that α is of infinite order. By Hurewicz's isomorphism theorem we can adjoin an (m + 1)-cell to A to kill the element 2α, leaving α = 0. Thus we may assume that α is of finite order.
Let z 1 , . . . , z k ∈ H m (A) be a maximal collection of elements of infinite order such that Now once again take a maximal collection z 1 , . . . , z k ∈ H n (A) of elements of infinite order such that t 1 z 1 + · · · + t k z k , t i ∈ Z is of finite order only if t i = 0 for all 1 ≤ i ≤ k. Let ψ : π n (A) −→ H n (A) be the Hurewicz homomorphism. By the Hurewicz isomorphism theorem modulo the class of finite abelian groups, cokerψ is finite and hence there are t i = 0, 1 ≤ i ≤ k such that t i z i ∈ ψ(π n (A)). Attach to A cells C 1 , . . . , C k of dim = n + 1 to kill t 1 z 1 , . . . , t k z k respectively. Then H n (A) will become a finite group. Since there are only countably many non-isomorphic finite groups, K is a countable CW-complex. By the Sullivan conjecture and Theorem 1.10 map (K, Ω 2 B) ∼ = 0. Apply Theorem 1.7 to K, P and L = Ω 2 B and construct a compactum X P such that e-dim X P > P , dim Q X P ≤ 1 and dim G X P ≤ 1 for every finite abelian group G. e-dim≤ K implies dim Q ≤ 1 and dim G ≤ 1 for every finite abelian group G. Hence by Bockstein's theorem and inequalities dim G X P ≤ 2 for every abelian group G. Since there are only countably many finite CW-complexes of different homotopy types define X as the one point compactification of the disjoint union of X P 's over all possible (up to homotopy equivalence) cyclic finite CW-complexes P . Then X is the desired compactum.
Proof of Theorem 1.5. By a couple (f, F ) we mean a finite CW-complex F and a map f :
Two couples (f, F ) and (f , F ) are said to be of the same homotopy type or homotopy equivalent if there is a homotopy equivalence h :
: p prime }) and let T = (f, F ) be a couple. By Lemma 2.1 and Theorems 1.8, 1.9, 1.10 there are a compactum
Then S 2 can be considered as a subspace S 2 ⊂ X T of X T such that the map f : S 2 −→ F does not extend over X T . e-dim≤ K implies dim Q ≤ 1 and dim Zp ≤ 1 for every prime p. Hence by Bockstein's theorem and inequalities dim G X T 1 ≤ 2 for every G and clearly the latter property also holds for X T .
Let T be a countable family of couples which includes all possible homotopy types of couples. Let X be the set obtained from the disjoint union of X T , T ∈ T by identifying all the spheres S 2 , that is X = ∪{X T : T ∈ T } with S 2 = ∩{X T : T ∈ T }. Endow X with a separable metric topology which agrees with the topology of X T for each X T . Then dim G X ≤ 2 for every G.
We are going to show that X has the required properties. Let X be a Hausdorff compactification of X. Since S 2 ⊂ X ⊂ X , e-dimX > P for every CW-complex P which is not simply connected. Now assume that P is simply connected but not 2-connected. Take f : S 2 −→ P such that f * (H 2 (S 2 )) = 0. Assume that f extends to f : X −→ P and take a finite subcomplex F of P such that f (X ) ⊂ F . Consider f and f as maps to F . Then T = (f , F ) is a couple and hence there is a couple T = (f, F ) ∈ T which is homotopy equivalent to T , that is there is a homotopy equivalence h : F −→ F such that f ∼ = h • f . By our construction f does not extend over X T and hence neither does h • f . On the other hand h • f | X T is an extension of h • f . This contradiction proves the theorem.
Proof of Theorem 1.4. By a pair T = (P 1 , P 0 ) we mean a pair of finite CWcomplexes P 0 ⊂ P 1 such that such that the inclusion f 0 : P 0 −→ P 1 is homologically essential. By Lemma 2.1 there are a finite CW-complex B with finite homotopy groups and a map φ :
and apply Theorems 1.8, 1.9 and 1.10 to construct a compactum X T , a closed subset X T 0 of X T and a map g T : X T 0 −→ P 0 such that e-dimX T ≤ K and g T does not extend over X T as a map to P 1 .
Let T = (P 1 , P 0 ) be a pair. One can find a countable collection Q T of maps from P 0 to P 0 such that each map from P 0 to P 0 is homotopic to some element of Q T . Consider Q T as a discrete space. Let T be a countable collection of pairs which includes all possible homotopy types of pairs and define X as the disjoint union of X T × Q T , T ∈ T . Clearly X is separable metrizable and locally compact and e-dimX ≤ K. By the Bockstein theorem and inequalities dim G X ≤ 2 for every abelian G.
Let us show that e-dimβX > P for every non-contractible simply connected CW-complex P . Take a finite subcomplex P of P supporting a nontrivial homology cycle in P . Then for any finite subcomplex P of P containing P the inclusion of P into P is homologically essential. Let T = {T : T = (P 0 , P 1 ) ∈ T such that P ∼ = P 0 } and let X = ∪{X T 0 × Q T : T ∈ T }. Then X is a closed subset of X. For each T = (P 1 , P 0 ) ∈ T fix a homotopy equivalence q T :
Consider βX as a closed subset of βX and let βf : βX −→ P be the extension of f . Let us show that βf considered as a map to P does not extend over βX. Assume that there is an extension h : βX −→ P of βf and let P be a finite subcomplex of P containing both h(βX) and P . Take T = (P 1 , P 0 ) ∈ T such that (P 1 , P 0 ) ∼ = (P , P ) and let q : (P , P ) −→ (P 1 , P 0 ) be a homotopy equivalence. Let q ∈ Q T be a homotopy inverse of q • q T : P 0 −→ P 0 , that is q • q T • q : P 0 −→ P 0 is homotopic to the identity map.
From now we identify X T 0 × {q} and X T × {q} with X T 0 and X T respectively. Then the map r = q • f | X T 0 = q • q T • q • g T : X T 0 −→ P 0 is homotopic to g T and hence by our construction r does not extend over X T as a map to P 1 . On the other hand q • h| X T : X T −→ P 1 is an extension of r where h is considered as a map to P . This contradiction shows that e-dimβX > P . Now, by adding a 2-dimensional disk to X, we get that e-dimβX > K for every non-simply connected CW-complex K. Clearly all the cohomological dimensions of X remain ≤ 2 and the theorem follows.
Remarks. An interesting property of Theorems 1.4 and 1.5 is that the CWcomplexes are not required to be countable and fixed in advance. This was achieved by using the so-called Rubin-Schapiro trick [9] . Another interesting point is that the space X constructed in the proof of Theorem 1.6 has the property dim G X n ≤ n + 1 for every G and n. And finally let us note that it would be interesting to find out if Theorem 1.6 holds for non-contractible (not necessarily cyclic) finite complexes P .
